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Abstract

In solutions consisting of solvent water( component ‘1’) and two solute components(‘2’ and ‘3’), various
thermodynamic effects of differences between solute–solute and solute–solvent interactions are quantitatively
characterized by state functions commonly called ‘preferential interaction coefficients’: andG ' ≠m y≠mŽ .m 3 2,m T,m1 ,m3 1 3

, whereks1,2 or 3. These different derivatives are not all directly accessible to experimentalG ' ≠m y≠mŽ .m 3 2 T,P,mk k

determination, nor are they entirely equivalent for analyses and interpretations of thermodynamic and molecular
effects of preferential interactions. Consequently, various practical and theoretical considerations arise when, for a
given system, different kinds of preferential interaction coefficients have significantly different numerical values.
Previously we derived the exact relationship linking all three coefficients of the type and hence identified theGm ,k

physical origins of the differences between and that have been experimentally determined for each of variousG Gm m1 3

common biochemical solutes interacting with a proteinwJ. Phys. Chem. B, 106(2002) 418–433x. Continuing our
investigation of exact thermodynamic linkages among different types of preferential interaction coefficients, we
present here a generalized derivation of the relationship linking , and , with no restrictions onm , mG G Gm m m 2 3,m1 3 13

or any physical characteristic of either solute component(such as partial molar volume). Hence, we show that
is related directly to , for which the physical determinants have been considered in detailG yG G yGŽ .Ž .m m m m,m1 3 3 13

previously, and to a factor dependent on the ratio of the partial molar volumes . Our generalized expression¯ ¯V yV3 1

also provides a basis for calculating , even in situations where preferential interactions could not be investigatedGm ,m1 3

by equilibrium dialysis. To demonstrate this applicability, we analyze isopiestic distillation data for aqueous solutions
containing urea and NaCl, two small solute components that cannot be selectively dialyzed.
� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Current understanding of thermodynamic effects
due to interactions in solutions containing small
and large biochemical solutes has been substan-
tially shaped by the manifold contributions of John
Schellman. Among these is the well-known paper
w1x, published 12 years ago inBiophysical Chem-
istry, in which he introduced ‘a simple model for
solvation in mixed solvents’ with parameters that
can be related to ‘three measures of selective
interaction’ (in our notation , and ).G G Gm m m,m1 3 13

For solutions in which the two solutes consist of
a dissociated electrolyte and a highly dilute
charged macromolecule with dissociated counter-
ions of the same kind as one of the salt ions,
‘usually small’ numerical differences between any
two of these three selective interaction coefficients
were deduced by an analysis based in part on, but
more general than, some earlier treatmentsw2–4x.

For solutions in which the two solute compo-
nents together consist of only three dissociated
charged species, wew5x recently showed that a
’common ion‘ effect on the ideal mixing entropy
of component 2 substantially reduces both absolute
and relative numerical differences betweenGm3

and , but that generally these coefficients canGm1

significantly differ for systems in which the solute
components do not have a common ion. The
present paper has an analogous goal: to identify
the thermodynamic variables that govern the exact
relationship between and , and hence toG Gm m ,m3 1 3

provide a general basis for determining whether
(and if so, why) significant differences in the
numerical values of these coefficients are to be
expected for a given system. The requisite expres-
sion is derived without imposing any limit on the
concentration of either solute component, or
requiring that they have a common ion. This level
of generality is mandatory, for example, in rigorous
investigations of thermodynamic effects due to
macromolecular ’crowding‘ on preferential inter-
actions in systems where the solute concentrations
are comparable to those in biological
environments.
The thermodynamic functions , andG Gm m,m1 33

are referred to here as ‘preferential interactionGm1

coefficients’, in conformity with the most common

(though not universally accepted) nomenclature.
These coefficients characterize solute concentra-
tion-dependent effects of differences between sol-
ute–solute and solute–solvent interactions in
solutions consisting of three independent compo-
nents, designated by the conventional numerical
labels: ‘1’ for the solvent water; ‘2’ and ‘3’ for
the different solutes.(In most systems for which
preferential interactions have been investigated,
component 2 is much larger and much more dilute
than component 3, but in the present development
these numerical assignments imply nothing about
relative molecular sizes or concentrations.) For
any ‘three-component’ system, the preferential
interaction coefficients considered here are defined
as different partial derivatives of the two solute
molalities: andG ' ≠m y≠m G 'Ž .m 3 2 m,m T,m1 k,m3 1 3

, for ks1,2,3. Thus, the sub-≠m y≠mŽ .3 2 T,P,mk

script(s) on G indicate(s) explicitly the chemical
potential(s) that, when fixed, produce(s) some
functional linkage betweenm and m , which3 2

otherwise are independently variable.(The deri-
vations presented in this paper do not explicitly
take into account any complexation reaction(s)
involving the three components that would produce
additional linkage(s) between variations in their
chemical potentials and hence their molalities.
Nevertheless, the derivations presented here can
be generalized to include effects due to complex-
ation for applications where sufficient independent
information is available.)
The various coefficients that characterize pref-

erential interactions cannot have identical numeri-
cal values for all states of any real system, because
the differences in the constraints specified on the
defining partial derivatives must have some phys-
ical consequences. Recent experimental studies
w6–8x have revealed that and differ sig-G Gm m3 1

nificantly (outside experimental uncertainties) for
a wide variety of biochemically relevant solutes,
including denaturants(such as urea and guanidi-
nium chloride), salts(such as KCl) and osmolytes
(such as glycerol and glycine betaine) that interact
with the globular protein BSA(bovine serum
albumin) over the entire ranges of protein and
small solute concentrations investigated(1–5
mmolal in m , 10–10 mmolal inm ). As a basis3

2 3

for deducing thermodynamic implications of
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numerical differences between and , weG Gm m3 1

derived a previously unrecognized exact relation-
ship(Eq.(12) of w5x) that links the three ‘constant-
pressure’ coefficients , and . Hence, weG G Gm m m3 2 1

have identified salient general characteristics of
the interacting solutes that produce significant
numerical differences between and (evenG Gm m3 1

when one of the solute 2 is highly dilute). Fur-
thermore, we showed why such differences do not
imply any conflict with the previous findingw3,4x
that for certain other types of systems,G (Gm m3 1

in particular aqueous solutions containing concen-
trated ()1.5 M) NaCl and the sodium salt of
polyanionic native DNAw9,10x.

Whenever different types of preferential inter-
action coefficients are not approximately equal,
relationships that can be used to interconvert them
are needed because these thermodynamic deriva-
tives are not equally accessible to accurate exper-
imental evaluation, nor are they simply
interchangeable in derivations of the expressions
required for rigorous analyses of measurable
effects due to preferential interactions. In particu-
lar, can be accurately quantified at low-to-Gm1

moderate solute concentrations by water-vapor
pressure osmometry(VPO), or at moderate-to-
high solute concentrations by isopiestic distillation
(ID), whereas individual values of can beGm3

directly quantified only in exceptional cases. Com-
pared with , however, coefficients of the typeGm1

have substantially more immediate physicalGm3

significance and interpretability, insofar as they
enter directly (as ‘stoichiometric combinations’)
into rigorous analyses of measurable quantities
that gauge how a process involving solute 2 as a
reactant or product is affected by changing the
concentration of a ‘perturbing’ solute 3 present in
excessw11–13x. (Section IIB ofw5x and references
therein provide more detailed commentary on the
crucial role of in the thermodynamic expres-Gm3

sion that can be used, in conjunction with a
suitably detailed molecular model, to analyze and
interpret solute concentration-dependent effects on
processes.)
The earliest applications of VPO to quantify
as well as were reported in 1996w6x.G Gm m3 1

Previously the general lack of awareness that these
coefficients can differ significantly for systems

that are in no respect exceptional may be attributed
in part to the scarcity of the experimental infor-
mation needed to determine as well as forG Gm m3 1

various types of solutes over appreciable ranges of
their concentrations. The most widely cited(indi-
rect) comparison of and , which are numer-G Gm m3 1

ically indistinguishable for the NaCl–NaDNA
solutions mentioned above, is discussed in Chapter
2 of w4x and references therein. The existence of
systems and conditions for which cannot beGm3

well approximated by motivates the presentGm1

inquiry into whether for those cases(or any others)
also can differ significantly from . ToG Gm m ,m3 1 3

provide a generalized means of addressing this
question for any given system, we derive the
pertinent exact thermodynamic relationship, valid
for any types of solute components at any absolute
or relative concentrations. The resulting expression
can also be used to calculate for any systemsGm3

in which this coefficient differs significantly from
the corresponding , which generally, thoughGm ,m1 3

not in all cases of interest, is much more directly
accessible to experimental determination.
Coefficients of the type can be directlyGm3

quantified when for solutions in whichG (Gm m ,m3 1 3

one (and only one) of the solute components can
pass through a dialysis membrane. Currently the
most widely utilized, albeit indirect, approach
entails measuring density as a function of the
molality of each solute in a series of simultane-
ously dialyzed solutions, then matching these
results (by suitably precise interpolations) with
density measurements on a parallel series of undi-
alyzed solutions. Far more extensively applied than
any other, this method has yielded important infor-
mation about the preferential interactions of a wide
variety of small solutes with diverse types of
proteins (w14x and references therein). However,
for the purpose of quantifying and relatedGm ,m1 3

coefficients as functions of the concentrations of
the two solutes, applications of equilibrium dialysis
are not always optimal with regard to experimental
accuracyw7,15x. Moreover, dialysis cannot be used
to study the preferential interactions of certain
pairs of solutes, for example, if they are so similar
in molecular size that both, or neither, would
diffuse across any(non-hypothetical) membrane
permeable to solvent water.
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The primary objective of this paper is to estab-
lish a more generalized basis than any previously
available for assessing the relative importance of
the physical factors that, for a given system,
determine the range of validity of the approxima-
tion . From the standpoint of practicalG (Gm m ,m3 1 3

applications, the model-independent expression
derived in this paper also can be used to calculate

for systems in which preferential interac-Gm ,m1 3

tions cannot be studied by any method involving
equilibrium dialysis. Thus, values of can beGm ,m1 3

obtained from corresponding values of two other
preferential interaction coefficients: , which canGm1

be quantified by VPO, or(at higher solute concen-
trations) ID, with an accuracy limited only by
typically small experimental uncertainties; and

, which can be calculated using either of twoGm3

approximate expressions previously derivedw5x to
analyze experimental input that also can be
acquired by VPO or ID. To demonstrate calcula-
tions of as well as and for twoG G Gm m m,m1 3 13

biochemically significant solutes that cannot be
selectively dialyzed, we analyze ID measurements
previously reportedw16x for NaCl (component 2)
and urea(component 3) over extensive ranges of
m and m . In general, information about the2 3

preferential interactions of such relatively small
solutes with each other is needed in order to
calculate the coefficients that characterize their
competitive preferential interactions with a mac-
romolecule, and hence their combined effects on
a process involving that macromolecule as a reac-
tant or product.

2. Strategy for derivations of exact thermody-
namic relationships linking different preferen-
tial interaction coefficients

In Section IIIA of w5x, the exact relationship
among the three ‘constant-pressure’ coefficients

(ks1, 2 or 3) was derived using some of theGmk

basic mathematical and thermodynamic principles
that are also needed for the present objective of
deriving the exact linkage of , and .G G Gm m m,m1 3 13

Although the two derivations proceed by analo-
gous stages, they differ in one important respect,
because , unlike any of the , characterizesG Gm m,m1 k3

effects of preferential interactions in a solution

where changes in the molalities of the two solutes
must be accompanied by changes in the(mechan-
ical) pressure,P, acting on the system. The deriv-
ative that expresses this pressure variability is
ultimately eliminated, but the concomitant partial
molar volumes of components 1 and 3 remain as
potentially significant factors in the general expres-
sion that relates exactly to derivatives ofGm ,m1 3

m and ofm , and hence to and . Calcu-G G1 3 m m1 3

lations based on this relationship therefore require
knowledge of the partial molar volumes of the
(quasi-)diffusible components 1 and 3, in addition
to the measurements made by VPO or ID that
suffice to quantify , without approximation,Gm1

and , with either of the two alternative approx-Gm3

imate expressions(derived in Section IIIC ofw5x)
that entail measurable derivatives ofm with1

respect tom or m .2 3

The Gibbs–Duhem equation is the ultimate
physical origin of the exact thermodynamic corre-
lation of the three . Consequently, derivationGmk

of this relationship requires that each of the three
constant-pressure coefficients, defined as a partial
derivative of the type must be≠m y≠mŽ .3 2 T,P,mk

alternatively represented as a quotient of first
partial derivatives ofm with respect to the differ-k

ent solute molalities. Then the five independent
derivatives ofm are interrelated by two lineark

Gibbs–Duhem-based linkage expressions, which
together yield the exact, non-linear relationship
that links , and . Coefficients of theG G Gm m m3 2 1

type generally are no more readily accessibleGm2

than to direct experimental determinations.Gm3

For the special situation of a solution in which the
solubility of component 2 is saturated, values of

can be quantified using density measurementsGm2

to monitor changes in the equilibrium solubility
m as a function ofm , as long as this solute does2 3

not coprecipitate. Despite the general experimental
inaccessibility of , we have shown(in SectionGm2

IIID of w5x) that, by considering the physical
determinants of the magnitude of this coefficient
for a particular system and range of solute concen-
trations, inferences can be drawn about the ori-
gin(s) of significant differences between andGm1

. With regard to the factors that cause theseGm3

coefficients to differ, our previous discussionw5x
is directly relevant(so will not be reproduced) in
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this paper, because the derivation presented here
shows that is directly related toG yGŽ .m m1 3

.G yGŽ .m m,m1 33

3. Relating the three constant-pressure
coefficients

In an aqueous solution that contains two solute
components, a general differential change in any
concentration variable at constant temperature pro-
duces changes in all three chemical potentials that
are linked by the Gibbs–Duhem equation:

•V dPsm dm qm dm qm dm (1)m 1 1 2 2 3 3

where the molality of each solute has the usual
definition (proportional to a mole ratio in which
the divisor is the total moles of water in the
solution); is the molality of pure water, which•m1

has the constant value 55.5 molykg; andV is them

volume of solution that contains 1 kg of water. At
constant pressure, each of the dm in Eq. (1) cank

be expressed in terms of the two partial derivatives
of m with respect to solute molality. These deriv-k

atives are conventionally designated with double
numerical subscripts:

For is1,2,3; j,ks2,3
m s ≠m y≠m (2)Ž .ij i j T,P,mk/j

Of these six derivatives, only five are independent,
because by Euler reciprocity:m sm . These23 32

cross-partial derivatives, expressing the depend-
ence of the chemical potential of either solute on
the molality of the other, generally are the most
important of the factors that determine the mag-
nitudes of the various preferential interaction coef-
ficients. For each of the derivativesm , the signij

and magnitude are determined by two physically
distinct contributions: from ideal mixing entropy
and from differences between the concentration-
dependent effects of solute–solute and solute–
solvent interactions. For the different general types
of solute components, the Appendix tow5x presents
a detailed consideration of the explicit functional
forms of the contributions from ideal mixing entro-
py to each of the threem and to all of theirk

derivatives with respect tom or m . These expres-2 3

sions exhibit differences, determined solely by
whether the two solute components have a com-

mon ion, that have a substantial impact on the
extent to which different types of preferential
interaction coefficients are numerically
distinguishable.
By applying standard mathematical transforma-

tions (explained, for example, in the second chap-
ter of w4x), each of the three constant-pressure
coefficients can be represented as a quotient of
different derivatives ofm :k

For ks1,2,3 G sym ym (3)m k2 k3k

Derivation of the exact relationship linking all
three of these coefficients requires two additional
expressions that follow from Eq.(1) with dPs0:

•For ks2,3 ym m sm m qm m (4)1 1k 2 2k 3 3k

These linear Gibbs–Duhem-based linkage equa-
tions relate the three unknown derivatives(m ,22

m andm sm ) to m andm , each of which33 23 32 12 13

can be quantified by analyzing either VPO or
(more indirectly, by means of interpolations) ID
measurements to determine the following two
derivatives:

For ks2,3 V 'RT ≠Osmy≠mŽ .k k T,P,mk9/k

•sym m yRT (5)1 1k

where the osmolality of the solution, Osm, which
can be measured directly(for example) by a
commercially available vapor pressure osmometer,
is related to the activity(a ) of solvent water, and1

hence to the difference betweenm and the chem-1

ical potential of pure liquid water, , by:•m1

• •Osm'ym lna sy55.5m ym yRT (6)Ž .1 1 1 1

With Eq. (3) and Eq.(5), the isoosmolal coeffi-
cient can be expressed in terms of different deriv-
atives of osmolality:

G syV yV (7)m 2 31

Combining the five expressions given by Eq.
(3) and Eq. (4) yields the following non-linear
relationship in which, besides the three , theGmk

only other explicit thermodynamic variable is the
mole ratio of the two solute components:

w z w z
x | x |G s G qm G G ym y 1qm G ymm m 2 m m 3 2 m 3y ~ y ~3 1 2 3 2

(8a)
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This expression can be rearranged in various
instructive ways, including the following particu-
larly useful form:

G yG yG s 1yG yG y 1ym ym GŽ . Ž . Ž .m m m m m 3 2 m1 3 1 3 2 2

2s 1y m ym m yŽ .23 22 33Ž .
1qm m ym m (8b)Ž .3 23 2 22

As discussed in Section IIID ofw5x, Eq. (8b) can
be used to examine effects on the relative differ-
ence between and due to contributionsG Gm m3 1

from the ideal mixing entropy of component 2 and
from non-ideality due to its interactions with com-
ponent 3.
Besides providing the exact thermodynamic

linkage of all three of the constant-pressure coef-
ficients shown in Eq.(8a) and Eq. (8b), the
Gibbs–Duhem linkages expressed by Eq.(4) are
also essential for the derivation of two expressions
for that incorporate one of the followingGm3

alternative approximations:
o j o j( ) ( )For ks2,3: m m (m m sRTV (9)k kk k kk k

For solute components that do not have a common
ion, the approximations in Eq.(9) yield two
independent expressions for , each of whichGm3

depends only onm ym and on derivatives of the2 3

osmolality that can be experimentally determined
for solutions containing both solutes and for cor-
responding solutions containing only one solute:

I o 3( ) ( )G sy V yV yŽ .m 2 23

w zo 3( )x |V y m ym V yV (10a)Ž .Ž .3 2 3 2 2y ~

II o 2 o 2( ) ( ) ( )G sy V yV y m ym V (10b)Ž . Ž .m 3 3 2 3 33

Steps in the derivation leading to these expressions
for have been presented and discussed inGm3

Section IIIC ofw5x. When Eq.(10a) and Eq.(10b)
yield consistent values of , together with Eq.Gm3

(7) they suffice to analyze experimental input
accessible by VPO or ID for the purpose of
quantifying , because this coefficient is relat-Gm ,m1 3

ed exactly to and by the model-independ-G Gm m1 3

ent derivation presented in the following sections.

4. Representing G in terms of derivativesm1,m3

of chemical potentials

In parallel with the derivation leading to Eq.
(8a), the first objective is to obtain an expression

analogous to Eq.(3) by relating to theGm ,m1 3

appropriate derivatives of both and . Althoughm m1 3

Eq. (3) and Eq.(4) are essential for the following
derivation, they do not suffice, because, unlike any
of the , the coefficient pertains to aG Gm m ,mk 1 3

system in which the pressure cannot be held fixed
while m and m change. WhenT, andG G2 3 m m1 3

are held constant in a series of solutions containing
variable concentrations of two thermodynamically
independent solute components, the pressure on
each of these solutions must, in general, be differ-
ent, because the Gibbs phase rule allows a maxi-
mum of three constraints on any function that
varies with solution composition. Accordingly,
three thermodynamic functions must be fixed in
defining any partial derivative that can be meas-
ured, or related to any other measurable property
of a three-component system.
The derivation proceeds by considering isother-

mal changes in the chemical potentials of the
components, each of which, in accordance with
the Gibbs phase rule, can be considered as a
function of the three independent intensive varia-
bles:P, m andm . Thus:2 3

For ks1,2,3:
dm s ≠m y≠P dPqm dm qm dmŽ .k k k2 2 k3 3T,m ,m2 3

(11)

where the coefficients of the molality differentials
are derivatives of them given by Eq.(2). Thek

coefficients of the pressure differential for each of
the three solutes can be expressed in terms of
independently measurable quantities on the basis
of Eq. (1), in conjunction with the two Gibbs–
Duhem linkage equations expressed by Eq.(4)
and the additivity of partial molar volumes:

• ¯ ¯ ¯V sm V qm V qm V (12)m 1 1 2 2 3 3

Thus:

For ks1,2,3:
¯≠m y≠P sV ' ≠Vy≠n (13)Ž . Ž .k k kT,m T,P,n,m2 k9/k3

In many cases partial molar volumes may be well
approximated as having the concentration-invariant
values pertaining to an infinitely dilute solution.
Otherwise, for systems in which the solute concen-
trations are not dilute and vary over an extensive
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range, and (also , though it does not enter¯ ¯ ¯V V V1 3 2

into the relationship linking to other pref-Gm ,m1 3

erential interaction coefficients) can be individu-
ally quantified without approximation, provided
that the density,r, of the solution can be accurately
measuredand sufficiently well characterized, as a
function of the molalities of both solutes, so that
the derivatives and also≠ry≠m ≠ry≠mŽ . Ž .2 3m m3 2

can be accurately evaluated.
By imposing the constraints of fixedm ,m on1 3

Eq. (11) for ks1 and 3, and takingm as the2

differentiating variable, the following two equa-
tions are obtained for the(quasi-)diffusible com-
ponents, 1 and 3:

¯0sV P9 qm qm G (14a)1 2 12 13 m ,m1 3

¯0sV P9 qm qm G (14b)3 2 32 33 m ,m1 3

In these equations the derivative expressing the
m -dependence ofP is:2

P9 ' ≠Py≠m s ≠Py≠m (15)Ž . Ž .2 2 2m m,m ,m1 13 3

The ‘osmotic pressure’ of the solution containing
both solutes is related to water activity and the
molar volume of pure water at 258C, by the•̄V1

conventional expression: . As•¯Psy RTyV lnaŽ .1 1

indicated by Eq.(15), the derivativeP9 that2

appears in Eq.(14a) and Eq.(14b) also expresses
the change inP, the mechanical pressure on a
solution containing solutes 2 and 3, that must
occur whenm is changed whilem , m andT are2 1 3

held fixed.
Although m and m can be quantified with12 13

input from VPO or ID, four unknown thermody-
namic functions remain in Eq.(14a) and Eq.
(14b). For direct experimental determinations of

according to the definitionGm ,m1 3

, the indicated chemical potentials≠m y≠mŽ .3 2 T,m ,m1 3

can be held constant in a series of simultaneously
dialyzed isothermal solutions, provided that solute
component 3, like water, can diffuse across a
membrane that is impermeable to solute compo-
nent 2. However, regardless of the molecular size
of the solutes(or any chemical characteristics that
determine whether they can diffuse across some
solute-specific dialyzing membrane), is aGm ,m1 3

well-defined state function for any type of three-

component system. Similarly, the osmotic pressure
P has a definite thermodynamic significance,
although it cannot be directly measured for a
dialyzed solution unless solvent water is the only
component that can traverse the dialysis
membrane. In contrast,P could, at least in princi-
ple, be directly measured using a ‘colloid osmom-
eter’ even though component 3 diffuses across the
membrane.
Although P/P, the derivatives of these two

pressures, as indicated in Eq.(15), are always
equal in(the usual) situations where the pressure
on the dialyzing(two-component) solution is con-
stant, determined by the ambient atmosphere.
Because the primary objective of this paper is the
exact relationship linking to and ,G G Gm m m,m1 3 13

the pressure derivativeP9 is eliminated from Eq.2

(14a) and Eq.(14b). Alternatively, couldGm ,m1 3

be eliminated, and the resulting expression taken
as a basis for calculating from knowledge ofGm3

, m , andP9 . Because this pressure derivativeGm 13 21

is directly related to the corresponding derivative
of Osm, it could, in principle, be quantified by
VPO measurements on a series of simultaneously
dialyzed three-component solutions. However, cal-
culations of viaP9 , rather than , prob-G Gm 2 m ,m3 1 3

ably would incur more experimental uncertainty,
in part because the magnitude ofP9 typically is2

substantially smaller than that of .Gm ,m1 3

An expression equivalent to Eq.(14b) has been
used w4x to derive a relationship betweenGm ,m1 3

and , by approximatingP9 on the basis ofGm 23

van’t Hoff’s law for the ideal osmotic pressure.
The need to approximateP9 is avoided here by2

eliminating this derivative in the following deri-
vation of the exact relationship linking toGm ,m1 3

and . By introducing into Eq.(14b) theG Gm m3 1

form of given by Eq. (3), the differenceGm3

between and can be expressed as:G Gm m ,m3 1 3

¯G yG sV P9 ym (16)m m 3 2 33,m3 1 3

A parallel expression for the difference between
and is obtained by eliminating fromG G Gm m m ,m1 3 1 3

Eq. (14a) and Eq. (14b), and using Eq.(3) to
represent :Gm1

w z
x |¯ ¯G yG s V m yV m P9 ym m (17)y ~m m 1 33 3 13 2 13 331 3
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The differences between the pairs of preferential
interaction coefficients shown in Eq.(16) and Eq.
(17) are correlated by eliminatingP9 :2

•¯G yG sm V m m G yG yŽ .Ž .m m 3 3 1 13 m m,m3 1 1 33

w z• •x |¯ ¯m V m m ym V m m (18)Ž . Ž .y ~1 1 3 33 3 3 1 13

The factors of andm are introduced in this•m1 3

expression to anticipate the utility of considering
the dimensionless quotients and•¯ ¯m V ym V3 3 1 1

.•m m ym m1 13 3 33

5. Deriving the exact linkage of G to Gm1,m3 m3

and Gm1

In the form given by Eq.(18), the exact rela-
tionship linking the three preferential interaction
coefficients also explicitly depends on

. Before eliminating this quotient by•m m ym m1 13 3 33

introducing the appropriate Gibbs–Duhem-based
linkage, some conclusions about relationships
between various pairs of coefficients can be
deduced for situations where simplifying approxi-
mations are valid. According to Eq.(18), the
difference between and is one determinantG Gm m1 3

of the difference between and , but theG Gm m ,m3 1 3

latter difference also depends on the quotient
. Consequently, whenev-¯ ¯V m yV m G (G3 13 1 33 m m,m1 33

er , but the converse need not hold. IfG (Gm m1 3

is small enough, then¯ ¯V m yV m G (G3 13 1 33 m m,m1 33

even for systems in which differs significantlyGm3

from . If is large enough, then¯ ¯G V m yV mm 3 13 1 331

, regardless of whether these coeffi-G (Gm m,m1 13

cients are similar in magnitude to . In fact,Gm3

has been found to differ significantly fromGm1

both and for the preferential interactionsG Gm m ,m3 1 3

with BSA of each of the solutes that have been
studied by VPOw7,8x.

The partial molar volumes appearing in Eq.(18)
originate in Eq.(11) and Eq.(13). The pressure
derivative that multiplies both and cannot¯ ¯V V1 3

in general vanish, because the Gibbs phase rule
requires thatP must change withm if m , m and2 1 3

T are fixed. Unequal pressures on solutions sepa-
rated by a dialysis membrane impermeable to
solute 2 would be manifested even by a hypothet-
ical system in which the magnitudes of andGm1

are determined entirely by contributions ofGm3

ideal mixing entropy to derivatives ofm andm ,1 3

respectively. After an addition of the non-diffusible
solute to such ‘ideal dilute’ solutions at dialysis
equilibrium, both water and solute 3 redistribute
across the membrane in order to preserve the
constraints onm and m . Thus, to prevent any1 3

changes in these chemical potentials,m and m2 3

must change in such a way that the resulting
changes in the contributions from ideal mixing
entropy to the chemical potentials of the diffusible
components are balanced by the concomitant
changes in their standard-state chemical potentials,
which must occur because of the change in pres-
sure on the three-component system.(In typical
experimental situations, the two-component dialyz-
ing solution is subject to the ambient atmospheric
pressure.)
The remaining quotient of derivatives of chem-

ical potentials in Eq.(18) can be eliminated by
combining the appropriate Gibbs–Duhem-based
linkage from Eq.(4), with the representation of

given by Eq.(3):Gm3

•ym m ym m s 1ym G ym (19)Ž .1 13 3 33 2 m 33

After combining Eq.(18) and Eq.(19), the exact
relationship linking to the other two coeffi-Gm ,m1 3

cients can be expressed:

G sG qQ G yG y 1qQ (20)Ž . Ž .m m v m m v,m1 3 1 33

Thus, the pairwise differences andG yGŽ .m m,m1 33

are correlated by a factor that dependsG yGŽ .m m1 3

directly, though not exclusively, on the ratio
of the solution volumes occupied by the two
(quasi-)diffusible components:

•¯ ¯Q 'm V 1ym G ym ym V (21)Ž .v 3 3 2 m 3 1 13

Like the factor ofm subsumed intoQ , the factor3 v

of m multiplying in Eq. (21) originates inG2 m3

one of the Gibbs–Duhem linkages expressed by
Eq. (4). The functional form of Eq.(21) indicates
considerable disparity betweenm andm in their3 2

effects on the magnitude ofQ . This asymmetryv

arises not because of any assumption about the
absolute or relative values ofm andm , but rather2 3

ultimately because no constraint has been placed
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on the chemical potential of solute 2, the
(quasi-)non-diffusible component. For the same
reason, does not appear in Eq.(21).V̄2

For all the systems and conditions that have
been investigated thus far by VPO, the magnitude
of is significantly less than unity, and itm G ym2 m 33

has at most a minor dependence onm w7,8x.3

Moreover, , and henceQ , are positive.(Nega-V̄3 v

tive values of have been determined only forV̄3

some exceptional systems, such as sufficiently
dilute aqueous solutions of a strong electrolyte
with a relatively small multiply charged cation,
like Mg .) For all systems whereQ and2q 1yŽv

are positive, Eq.(20) and Eq. (21)m G ym .2 m 33

show that the magnitude of must beG yGŽ .m m,m1 33

less than that of . As long asQ isG yGŽ .m m v3 1

sufficiently small, the difference betweenGm ,m1 3

and may be negligible(within experimentalGm3

uncertainties), even though differs significant-Gm3

ly from . The m -dependence ofQ explicitlyGm 3 v1

specified in Eq.(21), and the fact that isG ymm 33

always finite w5x, ensure that at any value ofm ,2
and become exactly equal asm ™0,G Gm m 3,m1 33

even though in this limit the difference between
and never vanishes and may not beG Gm m3 1

negligible in comparison to the magnitude of .Gm3

For systems in which neitherm nor m is neces-2 3

sarily small, the physical determinants ofG yŽ m3

have been considered in detail in SectionG yG.m m1 1

IIID of w5x, on the basis of the exact relationship
given here as Eq.(8b).

6. Effects of high dilution of component 2 on
the exact linkage of G to G and Gm1,m3 m3 m1

For solutions in which the concentration of
component 2 is sufficiently dilute, the linkage
among the three coefficients expressed by Eq.(20)
can be expressed more simply as:

o 2 o 2 o 2 o 2 o 2 o 2( ) ( ) ( ) ( ) ( ) ( )G yG sQ G yG y 1qQŽ . Ž .m m v m m v,m1 3 3 13

(22)

where the superscript o(2) indicates a thermody-
namic function that has no significant dependence
on the concentration of component 2. Thus,

. Comparison of Eq.(22) witho 2 o 2 • •( ) ( )¯ ¯Q sm V ym Vv 3 3 1 1

Eq. (20) and Eq.(21) shows that the relationship

linking the three coefficients is linear atany m3

and form in a range that may be well above the2

‘limit of infinite dilution’, as long as ism G ym2 m 33

small enough compared with unity. This term is
invariably less than unity, but not always negligi-
ble, in VPO studies of the preferential interactions
of various solutes with BSA. The largest value,

, was found for glycine betaine atm G ym s0.22 m 33

the highest BSA concentration investigated(m s2
4.15=10 molal) w5,7x.y3

For systems that exhibit significant differences
between and , Eq.(22) shows that theo 2 o 2( ) ( )G Gm m3 1

difference between and depends onlyo 2 o 2( ) ( )G Gm m ,m3 1 3

on the magnitude of . The maximumo 2 • •( )¯ ¯m V ym V3 3 1 1

value of is generally determined by theo 2( )¯m V3 3

concentration at which the solubility limit of com-
ponent 3 is reached. In the usual units(mlyg), the
numerical value of is(by definition) iden-•̄55.5V1

tically one for pure water at 258C. In the same
units, 0.2 is the maximum value of (for¯m V3 3

trehalose at 0.5 molal) that has been investigated
in VPO studies of the preferential interactions of
small solutes with BSAw7,8x. More significant
differences between and at a givenmG Gm m 3,m1 33

can be anticipated for solutes as large as some of
the polyethylene glycols that have been investigat-
ed (for example) by Bhat and Timasheffw17x. The
magnitude of the largest possible difference
between and is determined not onlyo 2 o 2( ) ( )G Gm m ,m3 1 3

by the maximum value of , but also byo 2( )¯m V3 3

. This difference is illustrated in Fig.o 2 o 2( ) ( )Z ZG yGm m3 1

1 of w5x for the preferential interactions of each of
11 common biochemical solutes with a hypotheti-
cal component(2) comprised of an oligoanion and
six dissociated univalent counterions. As explained
in Section IIID of w5x, is primarilyo 2 o 2( ) ( )Z ZG yGm m3 1

determined by them -dependence of the ideal2

mixing entropy of component 2 and(generally to
a comparatively minor extent) by them -depend-3

ence of the non-ideality of component 3, which
can be quantified using Eq.(9) to analyze VPO
measurements on solutions in which component 3
is the only solute.
As m also approaches infinite dilution, Eq.(20)3

shows that . However, whenm )0,o 2 o 2( ) ( )G ™Gm m 3,m1 33

and can never be exactly equal,o 2 o 2( ) ( )G Gm m,m1 33

because, as we demonstrated by formulas derived
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Fig. 1. Thermodynamics of urea–NaCl–H O(3:2:1) mixtures. Isoosmolal plots ofm vs. m (data fromw16x) at the following2 3 2

osmolalities: 1.5339(d), 3.2610(s), 5.9195(%), 6.9645(=), 9.0129(j), 11.2557(h), and 14.4400(�).

in Section III-B of w5x, and remaino 2 o 2( ) ( )G Gm m3 1

different asm ™0. Specifically, if n is the total3 2

number of charged particles that dissociate from
the binary component 2, and if the binary com-
ponents 2 and 3 have no ion in common, then:

o 2 o 2 o 2( ) ( ) ( )G yG sn yV (23)m m 2 33 1

This expression is inapplicable, however, to solu-
tions in which components 2 and 3 have a common
ion. For such systems, as demonstrated in the
Appendix of w5x, n has an ‘effective’ value of2

unity, as if component 2 were a single species
with no net charge. Consequently, in solutions
where component 2 is comprised of a highly
charged macromolecule and many dissociated
counterions, the difference between ando 2( )Gm3

is drastically reduced when these counterionso 2( )Gm1

are of the same type as one of the ions dissociated
from component 3. This ‘entropic dilution’ effect

is largely, though not completely, responsible for
the approximate equality of and ino 2 o 2( ) ( )G Gm m3 1

solutions containing NaCl and the sodium salt of
polymeric native DNAw9,10x.

In summary, whenm is not negligibly small,3

the physical origins of any significant numerical
differences between and can be tracedo 2 o 2( ) ( )G Gm m,m1 33

to those that determine the corresponding differ-
ence between and those that deter-o 2 o 2( ) ( )Z ZG yGm m3 1

mine the magnitude of . This ratio of theo 2( )Qv

solution volumes occupied by components 3 and
1 is determined by the quotient of the partial molar
volumes, which originate in Eq.(14a) and Eq.
(14b) as factors expressing effects of ‘osmotic’
pressure variability, and by the ratio , which•m ym3 1

originates in the molality factors that appear
explicitly in the Gibbs–Duhem linkage specified
by Eq. (4) for ks3. The expressions derived in
this section as limiting forms of Eq.(8a) and Eq.
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(20) are consistent with Eq.(A10) in w1x. Thus,
that equation corresponds to a combination of our
Eq. (22), appropriate for solutions where compo-
nent 2 is highly dilute, and our Eq.(23), with n2

assigned the effective value 1 appropriate for two
solute components that share a common ion.

7. A three-component system for which all
preferential interaction coefficients differ
significantly

In this section we show how Eq.(20) for
, together with Eq.(10a) for and Eq.G Gm m,m1 33

(7) for , can be applied to analyze ID meas-Gm1

urements on systems for which equivalent infor-
mation about preferential interactions could not be
obtained by any method based on equilibrium
dialysis. Each of the two small solute components
considered here, NaCl and urea, is known to have
important, but distinctly different, effects on meas-
urable thermodynamic and kinetic parameters that
characterize processes involving at least one bio-
polymer as a reactant or product. Effects on such
processes caused by the combined preferential
interactions of 1:1 salt and urea are worth inves-
tigating because, as studied both in vitro(e.g.
w18,19x) and in vivo w20x, environments that con-
tain appreciable concentrations of urea also usually
contain non-negligible concentrations of univalent
salt ions. Information about the mutual preferential
interactions of 1:1 salt and urea in solutions where
these are the only solutes will be utilized in a
subsequent paper from this laboratory(Hong et
al., in preparation), in which we will analyze
effects of changing the concentration of urea on a
protein–nucleic acid binding process in solutions
where the salt molality is fixed.
Fig. 1 presents plots of the molality of urea

(component 3) vs. the molality of NaCl(compo-
nent 2) for each of seven series of isoosmolal
solutions. These data, shown as representative of
the more extensive results published by Bower and
Robinsonw16x, were taken directly from their Table
I (for solutions in which urea is the only solute)
or their Table III (for solutions containing both
solutes and for ‘reference’ solutions, in which
NaCl is the only solute.) These tabulated values,
with at least four significant figures, were deter-

mined to this high level of accuracy by gravimetric
analysis of the composition of each different equil-
ibrated solution in the various isoosmolal series.
The values ofm for which data are shown in Fig.2

1 cover nearly the entire range over which NaCl
is soluble in pure water at 258C; the corresponding
range ofm is more than three-fold larger, consis-3

tent with the extraordinarily high solubility of urea
in water. The range of fixed osmolalities in the
seven series of isoosmolal solutions varies nearly
10-fold from 1.53 to 14.4 molal.
The preferential interaction coefficient that fol-

lows most directly from the output of ID experi-
ments, such as those for which data are shown in
Fig. 1, is , which can beG ' ≠m y≠mŽ .m 3 2 m1 ,P,T1

quantified as the slope of the line tangent to the
curve that characterizes the isoosmolal dependence
of m on m . The points in each of the seven3 2

series represented in Fig. 1 all pertain to solutions
in which T is controlled at 258C, P is the pressure
of pure water vapor in the sealed ID apparatus,
andm corresponds to the osmolality that, for each1

different isoosmolal series, is quantified by deter-
mining the composition of the reference(NaCl)
solution and interpolating this value ofm onto a2

plot of Osm vs.m that has been independently2

determined with high accuracy by measurements
on corresponding standard solutions. Each of the
solid lines shown in Fig. 1 is a best-fitted quadratic
function that exhibits no significant systematic
deviations from the data points. Therefore, the
slope of each of these isoosmolal lines, in all cases
negative, can be expressed as a linear function of
m having the form: o 2( )G sG q2 m m1 1

. For all of the conditions
w zo 2( )
x |≠G y≠m mŽ .m 2 2T,P,my ~1 1

considered here, is dominated by , buto 2( )G Gm1 m1

the term linear inm becomes progressively more2

significant with increasing osmolality.wThe super-
script o(2) has the same physical significance here
as in Eq.(22), where the superscripted variables
also have a generally substantial dependence on
m .x3

According to Eq.(7) the slope of each isoos-
molal plot also can be expressed asyV yV , but2 3

knowing only the quotient of these derivatives
does not suffice to determine corresponding values
of . To quantify this coefficient with Eq.(10a)Gm3
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or Eq. (10b), individual values ofV , V , Vo 3( )
2 2 3

andyor V must be determined. Whereas VPOo 2( )
3

measurements could be used to quantify each of
these derivatives directly, feasible experiments util-
izing ID cannot be designed to hold constant the
molality of one solute while the molality of the
other is varied at will to produce changes in Osm.
As indicated by the non-Cartesian pattern of the
data points in Fig. 1, neitherm nor m (nor Osm2 3

itself) was controlled(fixed at values chosen a
priori, or varied in a prescribed way) during the
isopiestic equilibration of each solution in an
isoosmolal series through evaporation or conden-
sation of the requisite amount of water. Neverthe-
less, we now proceed to show that these ID
measurements can be analyzed to quantify not
only , but also and , provided thatG G Gm m m ,m1 3 1 3

the functional dependence of Osm onm and m2 3

can be determined by fitting a sufficiently large,
and sufficiently accurate, set of data.
To determine Osm as a function ofm andm2 3

for aqueous solutions containing both NaCl and
urea, and for solutions containing only one of
these solutes, a non-linear global fitting procedure
(to be described in complete detail elsewhere) has
been applied to analyze data from Table III of
w16x, together with data reported for aqueous urea
solutionsw21x and for aqueous salt solutionsw22x.
The appropriate derivatives of the best fitted func-
tional form of Osm(m ,m ) provide the input used2 3

to quantify by applying Eq.(7), and corre-Gm1

sponding values of by applying Eq.(10a).Gm3

wAlternative determinations of based on Eq.Gm3

(10b) gave values consistent with calculations
based on Eq.(10a), but generally with signifi-
cantly larger uncertainties.x For each value ofGm1

and at givenm and m , the correspondingGm 2 33

value of was calculated using Eq.(20) andGm ,m1 3

Eq. (21), with fixed at lymol w8x.o 2( )¯ ¯V V s0.0443 3

(The partial molar volume of urea in aqueous
solutions where it is the only solute varies by less
than 6% over the range ofm considered here, so3

this effect is secondary compared with the domi-
nant effect on produced by the vari-Z ZG yGm m,m1 33

ation ofm itself.)3

Evaluated using derivatives calculated from the
best fitted functional form of Osm(m ,m ), ,G2 3 m1

and are plotted in Fig. 2 as functionsG Gm m ,m3 1 3

of m , with m fixed at 2 molal. This value was3 2

chosen as representative in part because it subdi-
vides the total number of ID data points used for
the global fitting into two approximately equal
sets. The size of the points shown in Fig. 2
generally exceeds the minor random scatter due to
the uncertainties in the fitting procedure, as indi-
cated by discrepancies between actual data points
and the corresponding predictions of the best-fitted
function for Osm(m ,m ). With regard to the pri-2 3

mary theme and scope of the present paper, the
most significant information conveyed by Fig. 2
is the extent to which the three preferential coef-
ficients differ. These differences at the median salt
concentrationm s2 molal are qualitatively repre-2

sentative of analogous plots calculated at different
fixed salt concentrations within the range of the
ID measurements analyzed. Atm s2 molal the2

magnitude of always substantially exceedsGm1

those of both and . As noted above, Eq.G Gm m ,m3 1 3

(20) requires that whenm s0,Z ZG yG s0m m 3,m3 1 3

but whenm exceeds;1.8 molal, the difference3

between and exceeds the uncertaintiesG Gm m ,m3 1 3

in these coefficients and continues to increase with
increasingm . Implications of the finding that for3

urea and NaCl in aqueous solution is approx-Gm3

imately zero over broad ranges ofm andm will2 3

be explored in detail in a subsequent paper(Ander-
son et al., in preparation), where we will also
introduce a new method of testing and, where
necessary, improving upon the approximations
incorporated into the alternative expressions for

given by Eq.(10a) and Eq.(10b).Gm3

8. Concluding discussion

Different approximate theoretical rationalesw4x,
w23x have been proposed to justify the apparent
equivalence ofP and m as constraints on the1

partial derivatives ofm with respect tom that3 2

define, respectively, and . Prior to theG Gm m ,m3 1 3

derivation presented here, the most comprehensive
treatment of the relationship between these two
coefficients was offered by John Schellmanw1x.
His Eq. (A10) shows that for two solute compo-
nents having a common ion, in the limitm ™02

the difference between and is deter-G Gm m,m1 33

mined by the ‘volume fraction’(denotedf) of
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Fig. 2. The three preferential interaction coefficients , and for NaCl–urea interactions in aqueous solution expressedG G Gm m m ,m1 3 1 3

as functions of urea(component 3) molality at 2 molal NaCl(component 2): (d), (s) and (%).G G Gm m m ,m1 3 1 3

the solution occupied by component 3, multiplied
by the factor win our notation, as in Eq.o 2( )1yV3

(9)x, which does not differ much from unity for
most of the solutes that have been investigated by
VPO w7,8x. In solutions where solute 2 is not at
high dilution and does not have an ion in common
with component 3, our Eq.(20), Eq. (21) and Eq.
(23) show that an additional factor ofn consid-2

erably amplifies the magnitude of inZ ZG yGm m,m1 33

systems where component 2 is a highly charged
polyelectrolyte. According to Eq.(21), ZG ym ,m1 3

also depends on a term that can be viewed asZGm3

a modified ‘volume fraction’, in which isV̄3

multiplied by , a factor generally1ym G ymŽ .2 m 33

not much different from unity. Moreover, this
volume fraction does not depend upon any contri-
bution from component 2, regardless of the mag-
nitude of relative to . For a• •¯ ¯ ¯m V m V qm V2 2 3 3 1 1

particular pair of solute components and a given

specification of their concentrations, the numerical
significance of compared withZ Z Z ZG yG Gm m m,m1 3 33

also depends, as indicated by Eq.(3), on the
magnitude ofm , generally the primary thermo-23

dynamic gauge of solute specific effects due to
preferential interactions.
The model-independent expressions presented in

this paper, exact or justifiably approximate, can be
used to interconvert and for two soluteG Gm m,m1 33

components of any type, over any concentration
ranges. Regardless of any general or specific phys-
ical characteristics of the solute species in a three-
component system that may preclude equilibrium
dialysis as a means of quantifying , thisGm ,m1 3

derivative is a well-defined thermodynamic func-
tion. At the molecular level, this coefficient gauges
the accumulation or exclusion, relative to solvent
water, of one solute in the vicinity of another, on
the basis of the local-bulk domain modelw13x.
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Provided that the molalities and partial molar
volumes of the solute components are known, Eq.
(20) and Eq. (21), in conjunction with Eq.(7)
and Eq.(10a) or Eq.(10b), suffice for quantitative
analyses of the requisite experimental input from
VPO or ID in order to quantify , as well asGm ,m1 3

the other preferential interaction coefficients, for
systems where equilibrium dialysis is comparative-
ly less accurate, with regard to experimental uncer-
taintiesw15x, or even strictly inapplicable.
Methods involving equilibrium dialysis are

unsuitable to quantify coefficients of the type
not only for solute components of equivalentGm ,m1 3

membrane permeability(similar molecular size)
but also for aqueous solutions prepared by dissolv-
ing two binary solute components that dissociate
completely into a total of four charged species, of
which three would diffuse across a dialysis
membrane. If such a system were subjected to
dialysis, selective diffusion of two different small
ions having the same charge sign would produce,
at dialysis equilibrium, a solution containingthree
solute components(two diffusible, one non-diffus-
ible) rather than the original two. In this situation,
only coefficients of the types≠m y≠mŽ .3 2 T,m ,m ,m1 3 4

and could be directly quanti-≠m y≠mŽ .4 2 T,m ,m ,m1 3 4

fied by dialysis. (The number of constraints on
these derivatives is dictated by the Gibbs Phase
Rule for a system that has, besides water, one non-
diffusible and two diffusible binary components,
labeled ‘3’ and ‘4’.) Undialyzed solutions that
consist of the same four solutespecies, but only
two independent solute components, can be pre-
pared by dissolving various amounts of either of
two different sets of pairwise electroneutral binary
components. In principle, VPO or ID measure-
ments on these solutions could be analyzed with
the expression derived in this paper in order to
quantify the various coefficients determined by
preferential interactions of the pairs of charged
species for each choice of the two independent
binary solute components.
The results presented in Fig. 2 for the prefer-

ential interactions of urea and NaCl show that at
m s2 molal, and differ significantlyG G2 m m ,m3 1 3

over most of the broad range ofm for which ID3

measurements are available. Analogous results cal-
culated at other fixed salt molalities show the same

qualitative pattern of substantial differences
between the three different types of coefficients.
In contrast to these characteristics of the prefer-
ential interactions of two small solutes, preliminary
applications of the equations derived in this paper
to analyze the preferential interactions of each of
a wide variety of small solutes with a biomacrom-
olecule(BSA), at concentrations in the range 1–
5 molal, indicate that any differences between

and lie close to, or within, the experi-G Gm m ,m3 1 3

mental uncertainties with which their magnitudes
have been determined, although both of these
coefficients differ significantly from . Thus, forGm1

these systems exact analyses based on Eq.(20)
and Eq. (21) demonstrate that the reliability of
Schellman’s Eq.(A10) w1x extends well beyond
the limit of infinite dilution of the macromolecular
component, for example, into the mmolal range of
m required for accurate measurements by VPO.2

As the thermodynamic and kinetic consequences
of preferential interactions continue to be more
systematically investigated for an increasingly wid-
er variety of solutes, the generalized model-inde-
pendent framework developed in this paper will
provide a rigorous basis for quantifying the differ-
ent types of coefficients, even when they differ
significantly, and for understanding the physical
origins of such differences.
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